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1. OndepeHuianbHi piBHAHHSA

3BuuaiinuM audepeHniaJbHUM PIBHAHHAM HA3UBAETHCS PIBHSHHSA, SKE

3B’S13y€ HE3JIC)KHY 3MiHHY, (DYHKIIIIO Ta 11 moxiaHi. [Topsaok nudepenIiaaisHoro
PIBHSIHHS BU3HAUa€ HAWBHWINA TOXITHA, KA BXOAWTH Yy PIBHSHHA. P03B’s3K0M

nuepeHITiaTbHOTO PIBHAHHS € Besika GyHkmis Y = f (X), sKa TMPH IM1ACTaHOBII i1

y PIBHSIHHSI IEPETBOPIOE HOTO Y TOTOXKHICTb.

JdndepenitiajibHe piBHAHHS NEePIIOro MOPsIKY Mae Buj F (X, Y, y') =0
abo y'=f (X, y). 3aranbHUM PO3B’A3KOM LIBOTO PIBHAHHA € (YHKIISA BUAY
y= (p(X,C), sKa TPH JOBUIBHUX 3HAYCHHSX CTajiol BenmuuuHu C € po3B’sI3KoM

UbOro piBHSAHHA. ['eoMeTpuyHo QyHKIIA Y= go(X,C) ONUCYE MHOXUHY
IHTEerpaibHUX KpUBHUX. JJIsI 3HAXOJKEHHS YaCTUHHOTO (€MHOTO) PO3B’SI3KY
HEOOXITHO 3HATH IIOYATKOBI YMOBH, SIKI JUJIl PIBHAHHS MEPLIOTO MOPSAIKY
3aMUCYIOTh Y BUTTISAL y(xo) =Y, abo y|X:XO =Y,.

He icHye enuHOro yHiBEpcajJbHOIO METOAY, 3a JOMOMOIOI0 SIKOTO MO>KHA

po3B’s3aTH IU(]epeHLiaIbHI PIBHAHHS MEpUIOro mopsaky. IcHye meBHUEM Kiac

PIBHSIHB, SIKI MOKHA PO3B’s3aTH (MpoiHTerpyBaTH). Po3risHemMo Taki piBHSIHHS.

Judepenmianbai piBHsHHs nepiioro nopsaky Yy = f (X, y) HAa3UBAOTHCS

PIiBHAHHAMH 3 BiIOKPEeMJIIOBAHMMH 3MIHHUMH, SIKIIO X MOJKHA 3BECTH 10

BHIY
y': fl(X) fz(y)- (1)
,_dy dy
Slkmo  3ammcaté Y =——, TO OICPKHUMO Frin f,(x)f,(y), abo
X
dy = f, (X)dX. Tyr 3MmiHHi BigokpeMmIHCh. MOXKEMO TNPOIHTErPyBaTH

fz(Y)

oTpuMaHuii Bupa3. OaepxKumMo

| dy =[f,(x)dx+C, C=C,~C,., @)

fz(Y)



Bupas (38) Ha3uBaioTh 3arajbHUM iHTErpaioM audepeHiiiaibHoro piBHsHHS (1).

nkiaa 1. 3HAUTH 3arajibHUNA PO3B I30K PIBHIHHSA =0.
I1 1.3 ’ '+ 0

Po3B’sa3anns. Po3B’soxeMo piBHAHHS BiTHOCHO noxignoi Y . Oxep:xumo

y’:_l' ﬂ:_l dx’ dy:_zdx; ﬂ:_%_

x dx X X y X

3MiHHI BIJOKPEMUIKUCH 1 MOKEMO MPOIHTErpyBaTu Bupas. Oep KMo

J'd—jlz— d—: = In|y|+C, =-In|x|+C, = In|y|+In|x|=C,, C,=C,-C,.
Crany Bemmumny C, sammmemo y Bunmini  C,=InC,  rtoxi

Inly|+In|x=InC = xy=+C, +C=C,, xy=C, = y:C—X“.

OaHOpiAHUMH pPiBHAHHSIMH IEPHIOT0 MOPSAKY Ha3HBaIOTh piBHHHHH

y'= (p(i) ©
X

Jlist Toro, mo6 piBHsAHHA (39) 3BeCTH 10 PIBHSHHS 3 BIJOKPEMIIIOBAHUMHU

BUY

3MIHHUMH, BBOJAATH 3aminy 3minuoi Y =Xt{. Tomi Yy =t+xt" i piBusauus (3)
MOXHa TepenucaTty uepes 3miHHy . Oxepxyemo

p(t)-t
t+xt'=p(t), xt'=p(t)-t, t'= L.
X
3MiHH1 BITOKPEMIIIOIOTHCS 1 HOTO BXKE€ MOYKHA PO3B’S3aTH.
[puknan 2. 3HalTH 3arajJbHUN PO3B’SI30K PiBHAHHA 2XYY' = x° + y2.
Po3p’s3anHsA. Po3B’skeMo 1€ PIBHAHHS BiJJHOCHO MOXimHOI Y ; 0JepKUMO

OJTHOPIJTHE PIBHSHHS

Beenemo 3aminy 3minnoi Y =Xt, Yy =t+ Xt'. Onepxumo



X exitt X (L) 14t
2X - xt 2%t 2t

A0Go

xt’

_1+t2_t_1+t2—2t2_1—t2_ 1-t* 1
2t 2t 2t 2t x
dt

AKIIO TMO3HAUMMO t'=—, TO OmepKMMO BHUpa3, SKHH MOXHA IHTETPYBaTH.

Maemo
2 2 2

E:—lth -1|-dx = dt:—1 ¢ -de :—1 ¢ = thzzﬁ =

dx 2t X 2t X 2t 1-t X

Ifﬁ =jd—:+Cl = —In[l-t’|=In|x|+C;; C,=InC, In|x|+Infl-t*|=InC =

= x(l—tz):C.

[ToBepHemocst 10 cTapoi 3MIHHOI, TOOTO TMiACTaBUMO 3amicTh 1 ¥oro

3Ha4yeHHsA { = X OpepxyemMO 3arajibHUi po3B 30K y BUIJISAI1
X

2

2 2
x(l—y ):C — x.2 2y =C = x* -y’ =Cx

NG X

JIiHiiiHMMY PIBHAHHAMU NEPLIOr0 NOPSIKY HA3UBAIOTh PIBHAHHS BUAY
y'+P(x)-y=Q(x), (@)

ne P ( X) i Q(X) — 3a7aHi QyHKIIIT.

OpgauMm 13 cnocoOiB  po3B’s3yBaHHS JIHIMHUX PIBHSIHb € METOJ

3HAXOM)KEHHSI PO3B’SI3KY pIBHSAHHA (4) y BUIIISAl J0OYTKY JBOX (DyHKIIIHA
u=u(x)iv=v(x),to6ro y=u(x)-v(x)=u-v; y'=u'v+v'u.
Toni piBHsSIHHS (4) MOKHA NIEpenUcaTH y BUTIISAIL
UV+VU+P(X)uv=Q(x), uv+u(v'+P(x)v)=Q(x). (5)
Ha ¢ynkuiro V= V(X) HaKJIaJal0Th TaKy YMOBY, 100 BUpa3

V'+P(x)v=0. (6)
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3amicTh piBHSHHS (D) 01€pIKYEMO PIBHSIHHS
u'v=0Q(x). (7)
PiBusHHS (6) € pIBHSIHHSAM 3 BIIOKPEMJIFOBAaHUMU 3MIHHUMH. P0o3B’s3aBIIu
Horo, ogepKyeMo (QPYHKIIIIO V = V(X) . [lincTaBumo 10 QyHKIi0 y piBHAHHSA (7) 1
OJICP’)KUMO PIBHSHHS 3 BiJOKPEMIIIOBAHUMHU 3MIHHUMH, Ui SIKOTO 3MOYKEMO
3HAWTH 3araJlbHUN PO3B’A30K y BUTIAAl U =U (X, C) :
Toni 3araabHUM PO3B’SI30K JIIHIHHOTO PIBHSAHHSA (4) 3alUIIIEMO Y BUTJISII
y=v(x)-u(x,C).
3ayBakeHHsI. TUM caMHM METOJIOM MOYKHA PO3B’SI3yBAaTH PIBHSIHHS BUILY
y'+YP(x)=Q(x)y,

7€ @ — TOBLIBHE YKCIIO 1 sIKe HA3UBAIOTh PIBHSIHHAM bepHyi.

[puknan 3. Po3s’si3atu piBHsHHS Y — Y_xe.

X
Po3p’s3annd. lle miHiliHEe pIBHSHHSA TEpPIIOTO MOPSAKY. bynemo mrykatu
pO3B’SI30K LBOr0 piBHAHHA y Burasmg  Y=U-v, Y =u'v+V'u. Ilicus

MIJCTAHOBKH LI1€1 3aMiHU y PIBHSHHS OJIEP>KMMO TaKe PIBHSHHS:

uv v
u'v+vu——=x2, u’v+u(v’——j:x2.
X X

: - . \ :
[TpupiBHsEMO 10 HYJIA BUpa3 y Kpyriii gyxui V' —— = 0. 3anummnocs piBHAHHS

X
!, 2 (9] ) : / V
BUy UV = X". 3HaliIeMo po3B 30K PIBHSIHHSA V :;.
dv. v, dv dx, pdv dx
—==; —=—; [—=[= InM=In|x, v=x
dx x v X ' X

ITizcTaBUMO OZiepIKaHe 3HaYeHHs V y piBHSIHHS UV = X . OmepiKumo

du NG
ux=x°, U =x, — =X, du=xdx, Idu:jxdx+C, u=—+°C.
dx 2



3arajgpbHui PO3B ’SI30K ITYKaHOTI'O piBHfIHH}I Mae€ BUTJIAL
2 2
X X
yZU‘V:(7+CjX,y:X£?+C].

Jlndepenuiajibue piBHSIHHSA JPYroro NOPS/IKY Mae BU/I

F(X, AR y”):O a0o y”:f(x, y,y’), a IOYAaTKOBI YMOBM 3allHCYIOTh Y

Burimi Y (%)= Yo, Y (%)= Yo

Jliniiigne piBHSAHHS APYIoro NOPSIKY Mac BUJ
a,(x)y"+a,(x)y +a,(x)y=b(x), (8)

ne a, (X), al(x), a, (X), b(X) — JIesAK1 HenepepBHi QyHKIIL, a a, (X) # 0. dxmo

b ( X) =0, To miHiliHE PiBHIHHS

a,(x)y"+a, (x)y'+a,(x)y=0, 9)

Ha3UBaOTh JIHIHHUM OTHOPITHUM.

CTpyKTypa 3arajibHOr0 po3B’si3KY /i piBHIHHS (9) Mae BUTIIS
y:C1y1(X)+C2y2(x), (10)

ne C,,C, — crani enmamnm, a Yy, =Y,(X) Ta Yy, =V,(X) — dynxuii, sxi

CKJIaJal0Th (PyHIaMEHTalbHy CUCTEMY PO3B’SI3KiB JUIsl IIbOTO PIBHSHHS.

CTpVyKTYpA 3arajbLHoro po3B’sa3Ky JIHIHHOT0 HEQTHOPITHOTO PiBHAHHSA

(8) mopiBHIOE CyMi 3arajbHOTO PO3B’S3KY OJHOPIAHOTO PIBHSHHS Ta YACTUHHOTO

pO3B’s3Ky Y ( X) HEOJHOPIAHOTO PIBHSIHHS 1 3alUCYETHCS Yy BUTIISI1

y=C.y, (X)+C,y, (x)+ ¥(x). (11)
JliniiiHE OTHOpPIHE PIBHSAHHSA 31 CTATUMHU KoedIiliEHTAMU Ma€ BU]I
y"+py'+ay =0, (12)

ne P,J — craii BeIUYUHHU.

Axmo po3w’sizok piBHAHHS (12) mykatu y Burmsami GyHKiii Yy =€, To
XapaKTEPUCTUYHE PIBHSHHS JIJIS IHOTO PIBHSHHS Ma€ BU/T

k?+ pk+0q=0. (13)



SIKIIO KOpEeHi XapaKTepucTHUHOro piBHAHHS (13):
1) miiicui pisHi K, # K, , To 3aransHnii po3s’si3ok piBHsHHS (12) 3anucyOTh
y BUTJIAI
y =C,e +C,e*; (14)
2) nificui piBai Kk, =K, =K, T0 3araneHuii po3s’s3ok piBHsHHA (12)
3aIHMCYIOTh Y BUTJISII
y =e%(C,+C,x); (15)
3) xommiekcHo chpsxeni K ,=a+ i (I — yaBHa oauHMIA), TO
3arajlbHUM PO3B’A30K IIBOTO PIBHAHHS Ma€ BUTJIAJ
y =e™(C, cos Sx+C,sin fx). (16)
YacTuHHUI PO3B’A30K JIHIMHOIO HEOJHOPIAHOIO PIBHSHHS 31 CTaJIUMHU

Koe(dilieHTaMu BUTY
y"+ py'+ay = f(x), (17)
ne f (X) — HemepepBHa (YHKIIIS, MOKHA 3HAUTH METOJOM Bapiallii cTayioi, abo

IHIITUMA YaCTHHHUMHA METOOJaMM.

[puknax 4. 3HaiiTH YacTUHHMN pO3B’s30K piBHsHHA Y' +Y —2y =0,
SIKMIA 33JJ0BOJIbHSIE YMOBaM y(O) =1, y’(O) =3.

Po3p’sizannsa. CkiaeMo XapaKTEpUCTUYHE PIBHSHHS JUIS  33JaHOTO
nudepeHItiaapHoro piBHAHHSA 32 popmyroro (13). Oxepxyemo

k?+k-2=0, k, =1, k, =-2.
Kopeni giiicHi pi3ui. Tenep 3a popmynoro (14) 3anumiemo 3araabHUN po3B’ 130K
y=Ce* +C,e ™.

Jst 3naxomkeHHst koHctant C; ta C, migcTaBMMO MOYaTKOBI YMOBHU B

3aranpHAi po3B’ 30K Ta foro moximny Y : Y’ =C,e* —2C,e**. Onepxumo
1=Ce’+C,e’, 3=Cge’-2C,’,

a00 TaKy CUCTEMY PIBHSHb:



C +C, =1,
1 2 = 3C, =-2, sz_z,clzl_(:2:1+g:§_
C,—-2C, =3, 3 3 3
BianoBias. YacTuHHui PO3B’SI30K  PIBHSHHS Mae BUTJISI]

y__gex_i_Ee—Zx
3° 3

[puknag 5. 3HaWTH 3arajdbHUN PO3B’S30K JAUQPEPEHIIATBHOIO PIBHIHHS
y"+2y"+10y =0.
Po3p’s3anHsa. XapakTepucTUYHE PIBHAHHS IS JTA@HOTO PIBHSAHHS Mae

BUTJISL

k?+2k+10=0.
Kopeni 1poro KBagpaTHOro PIBHAHHA OyIyTh YSABHUMHU (KOMIUIEKCHO

CIPSIYKEHUMHU ):

k., =—1+1-10 =-1+£+-9 =-1+,/9-(-1) =-143i, k, =-1£3i,
ne N—1=1. 3rigno popmysu (16) 3aransHuit po3B’I30K PiBHIHHS, BPAXOBYIOUH,
mo o =-1, =3, Mae BUIIIAA]

y =e(C, cos3x+C,sin3x).

[puknan 6. 3HalWTH 4YAaCTUHHUKA PO3B’SA30K MUDEPEHIIaTLHOTO PIBHSIHHS
y"—6Yy'+9y =0, sxuii 3anosonsusie ymosam Y(0)=-2, y'(0)=1.

Po3p’s3aHHs. 3anuiieMo XapaKTepUCTUYHE PIBHSHHSA JJIi  JAHOTO
nudepeHiaTbHOro PIBHSAHHS 1 3HAMIEMO OO0 KOPEHI:

k?-6k+9=0, (k-3)° =0, k,, =3.
Kopeni niiicui piBai K, =K, =3. Tomy 3rimao dopmynn (15) saranpuuii
PO3B’S30K PIBHSIHHS MA€ BHUTJISAT
y =e>(C, +C,x).
BpaxoBytoun mouaTkoBi ymoBH, oourciaumo craii Bexmanau C, ta C, . Tak
y'=3e™(C,+C,x)+e*-C,.
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Tomi

—2=¢°(C,+0), C,=-2, C,=7,
1=3e"(C,+0)+C,’, 3C,+C,=1, C,=-2.

. . . : 3
Bianosigs. YacTMHHEMI PO3B’ 30K PiBHAHHS Ma€ BUTIIAL Y = €7 (7 X — 2) .

HaBenemo Temep MeTOo[ HEBHU3HAYEHHUX KOGQILIEHTIB IS 3HAXOHKEHHS
PO3B’SI3KYy JIHIMHOTO HEOAHOPIAHOTO PIBHSAHHA 2-TO TOPSJAKY 31 CTaluMU
Koe(ilieHTaMH 1 3 MPABOIO YaCTUHOIO CIELIATILHOTO BUTIISIY.

Po3srissHemMo piBHSHHS
y"+py' +ay = f(x).

I. Sxmo f(X): Pn(X), TOOTO MHOrowieH N-TO CTeleHs, TO TOIl

YaCTUHHUU PO3B’SI30K JIHIMHOTO HEOJHOPIAHOTO PIBHSHHS IIYKAEMO Y BUTIISAI1

& r

7(x)=Q, (x)-x', (18)
ne Q) (X) — wMHorowieH N-ro crenens; =0, skmo cepen KOpeHiB

XapakTepruCcTHUHOro piBHsAHHA Hemae ymcna 0, r=1, skmo K=0 € omuum 3

KOPEHIB XapaKTEPUCTUYHOIO PIBHAHHS.

_ pox

1. dxmo f (X) =e” - P (X), TO/1 YACTUHHUHN PO3B’SI30K LIYKATUMEMO Y

BUTJISIII
§(x)=e"-Q,(x)-x", (19)
e Q (X) — wMHorowred N-ro cremens; =0, sAKOO XOIEH KOPIHb

XapaKTePUCTHYHOrO PIBHSAHHS HE cmiBmamgae 3 ¢, =1, AKmo oauH KOpiHb
XapaKTEpPUCTHYHOIO PIBHAHHS CINBIaga€ 3 o, =2, gkujo obuaBa KOpeHi

XapaKTEPUCTUYHOTO PiBHSAHHA TOPIBHIOIOTh X .
II. Skmo f (X) =e™ -(M cos fx+ N sin ,BX), TOJIi YACTUHHHIA PO3B’SI30K

JHIAHOTO HEOJAHOPIAHOTO PIBHIHHS IIYKAEMO Y BUTJIAI

¥(x)=e"-(Acos Sx+Bsin gx)-x", (20)
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ne r=0, skmo uncna a*if He € KOPEHSMH XapaKTePHUCTHIHOTO PiBHSIHHS,
r =1, skuo o £14 — 1e KopeHi XapaKTepHUCTUIHOTO PiBHSIHHSL.

3aCTOCYBaHH51 MCTOAY ITIOKAKCMO Ha HpI/IKJIaI[i.

[puknan /. 3HalTH YaCTUHHUMA PO3B’SA30K TU(DEPEHIIaTbHOTO PIBHSIHHS
y' =2y +y=x"+1, AKUI 3aJI0BOJILHSE II0YaTKOBUM yMOBaM
y(0)=1, y'(0)=0.
Po3B’s13aHH4. BianoBigHe — ogHOpigHE ~— PIBHSHHSA ~ Ma€  BUTJIAT
y" =2y +y =0, itoro xapaxrepuctuune piusuns k> —2K +1=0, xopinp K =1
— KpPaTHUH, OTXKE 3arajJbHUI po3B 30K OJHOPITHOTO PIBHSHHS Ma€ BUTIISA!
y=Ce*+C,e*-x=e"(C,+C,x).
Ockinbkn  f (X) =X’ +1, TO6TO MHOTOHIEH APYroro cremews, To 3riguo (18)
IIYKa€EMO YAaCTUHHUN PO3B 30K HEOJHOPITHOTO PIBHSAHHS Y BUTJISII
§=(Ax?+Bx+C)-x" = AX’ + Bx+C.
Tyt r =0, Tomy 1m0 O He € KOpeHEM XapaKTEPUCTHYHOTO PiBHSIHHS.
IMponudepenmiroemo Y [OBiYi Ta MiACTAaBUMO OTpPHMaHi BHpa3H B
nudepeHItiaabHe PIBHIHHS:
V' =2Ax+B, y"=2A.
OTpuMaeMo TOTOXXHICTh
2A—2(2Ax+B)+ AX® +Bx+C =x* +1.
3BeneMo MoAi0HI YWIEHHU:
AX® +(B—-4A)x+(C+2A-2B)=x"+1.
[TpupiBHsIEMO KOEDIIIEHTH TPU OJJHAKOBUX CTEMEHAX X; TOJ1 MAEMO:

A=1, A=1,
B-4A=0, = B=4,
C+2A-2B=1, C=7.

TakuMm unHOM, § = X° +4X+7.

3rigno (11), 3aranbHuii po3B’SI30K Ma€ BUTJIS
-12 -



y=y+§=e"(C,+C,X)+ X" +4x+7.
3HaliIeMO Temep YaCTUHHUN PO3B’SI30K AU(PEPEHLIaTIbHOrO PIBHAHHA, IO

3aJO0BOJIBHAE IIOYaTKOBUM YMOBAaM. I[J'ISI ObO0T0 HiI[CTaBI/IMO B 3arajJbHUM

po3B’s3ok X =0, Yy =1; orpumaemo
1=e"(C,+C,-0)+7=C, +7,
omxe C, =—6. [Ipoxudepentitoemo temep Y :
y'=e*(C,+C,x)+e"*-C, +2x+4
i migcraBumo nouarkosi ymosu X =0; y' =0:
0=e"(C,+0)+e°-C, +4,
omke 0=—6+C, +4, 3Binku C, =2. OcraTo4HO MaeMO BiIIOBiIb: YACTUHHHIA

p03B,5I30K piBHHHH}I Ma€ BHUTJIAO

y=e"(—6+2X)+X° +4x+7.

[Mpukman 8. 3HailTH 4acTUHHUN PO3B’SA30K AUQPEPEHIIATHHOTO PIBHIHHS

y'—3y'+2y=4sin2X,  sAkuil  3aJ0BOJNILHAE  [OYATKOBMM  YMOBAM:
y(0)=-1, y'(0)=1.
Po3B’s3aHHd. BinnosigHe oAHOPIAHE PIBHSAHHS
y'=3y'+2y=0,
iioro xapaktepuctiune pipasaHs K° —3K+2 =0, xopeni sxoro K, =2, k, =1,
OTJK€ 3arajJbHUM PO3B’SI30K OAHOPITHOTO PIBHSHHS Ma€ BUTIIS
y =Ce* +C,e*.
Tenep, ockinbku f (X) =4sin2X, 1o 3rigHo (56) maemo a =0, f=2;
YACTUHHUM PO3B’SA30K IYKAEMO Y BUIIISII
y =(Acos2x+ Bsin2x)-x° = Acos 2x + Bsin 2x.

Tyr r =0, ockineku 21 He € KOpeHEM XapaKTEPUCTHYHOro piBHsHHsA. Temep

audepeHiiroemMo Y aBidi:
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§' =—-2Asin 2x + 2B cos 2X;

y" =—-4Acos2x —4Bsin 2x.

[TincTaBUMO OTpHUMaHi BUPa3H B PIBHAHHA:
—4Acos2x—4Bsin 2x—3(—2Asin 2x + 2B cos 2x )+ 2Acos 2X + 2Bsin 2x = 4sin 2x.
3BeieMo MOAi0HI WIeHHU 1 TpUPIBHAEMO KOe(DIlI€EHTH MPHU BIANOBIAHUX YJICHAX:
cos2x(-4A—6B+2A)+sin2x(—4B+6A+2B)=4sin2x =

—-6B-2A=0, A=-3B, A=3%=0,6
= = =
—2B+6A=4, —2B -18B =4, B=-1=-0,2

(3,1

OTKe, YaCTUHHUN PO3B’ 130K HEOTHOPITHOTO PIBHSHHS €
¥y =0,6c0s2x—0,2sin 2X.
Toni 3aranbHui po3B’ 30K HEOAHOPITHOTO PiBHIHHS 3aIUIIIEMO Y BUTIISII
y=y+y§=Ce*”*+C,e*+0,6c0s2x—0,2sin2x.

3HaWIeMO TENep YACTUHHUM PO3B’SA30K, IO 33J0BOJIBHSE IMOYATKOBUM
ymoBaM. IligcraBumo X =0, Y =—1 B po3B’sa30K:

-1=C,+C,+0,6.

[TpomudepeniioeMo Y Ta migcTaBuMo B orpuManuii Bupas X =0, y' =1:

y'=2C.e”* +C,e* —1,2sin 2x —0,4c0s 2X,
1=2C,+C,-0,4.

Orxe, mrs 3axokerss C, 1 C, maemo cucremy

~1,6=C,+C,,
1,4=2C,+C,.

Bignimemo Bif Ipyroro piBHSHHS CUCTEMH IEpIIIE:

1,4+1,6=2C,-C,+C,-C, = 3=C,,

OTKe€, 3 MEPIIOro PIBHAHHS TOI

C,=-16-C, =—4,6.

3anuimeMo OCTAaTOYHY BIATOBIAb: YAaCTUHHUN PO3B’SI30K AM(EPEHITIATHHOTO
PIBHSIHHS Ma€ BUTJISA

y=3e*—4,6-e*+0,6c052x—0,2sin 2X.
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Bignosins: |
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Paou

Yucnosi paauv

Yuca0BMM _PSAAOM HA3MBAIOTh IOCIHINOBHICTH uucen U, U,,...,U ...,

3’€THaHUX MK CO00I0 3HAKaMu IUTI0C (200 MIHYyC), TOOTO
Uy +Uy .t U+ = D U 1)
=1

Ywucna Ui (l :1, 2,) Ha3WBAIOTHCA YJICHAMU POy, a Un — 3araJloHuM 4JICHOM

pAany.

YacTHHHOIO CYMOIO PSIIY Ha3MBAIOTh CyMy S Hepummx N 4ieHiB psmy.

30i’>KHUM HA3MBAIOTh YNUCIOBUN PAM, Ul IKOTO BUKOHYETHCSI YMOBA

limS =S, (2)

N—o0
a TPaHMIIO S HAa3MBAIOTh CyMOK0 psany. Skmo ymosa (2) mis psay (1) me
BUKOHYETBCS, TO TAKUW PAJl HA3UBAKOTH PO30iKHUM.
Heo0xitH010 YMOBOI0 30i:kHOCTI psny (1) € ymoBa

limu, =0. (3)

nN—o0

Sxio ymoBa (3) HE BUKOHYETHCA, TO TaKHi psia € po30ixkHuM. Yacto HeoOXiaHa
yMmoBa (3) BUKOHYETHCS, alie HE BUKOHYETHCS MPU IbOMY YMOBa (2) 1 TOAl psf €
PO30IKHUM.

[Ipu mepeBipili BUKOHAHHSA YMOBH (2) BHHHKAIOTh 3HAYHI TPYIHOIII MPHU

O0YMCIICHHI MOCIIJOBHOCTI YAaCTMHHHX CyM S . ICHYIOTH IOCTaTHi O3HAKH
301kHOCTI psAxy (1), 3a TOMOMOIOI0 SIKMX 3HAYHO MPOCTIIIE JOCTIAUTH 301KHICTh

pany.

I[J'Iﬂ 3JHAKOA0AATHHUX 4YHCJI0BHUX DHI[iB 3YIIMHUMOCBH Ha TAaKHX O3HdKax

3015KHOCTI:

1) O3naka Jlaaambepa. Slkmo mas 3HakomomatHoro psimy (1) icHye

IpaHuIls BIJHOIICHHS HACTYIMHOTO WIEHA J0 IMOIMEPEIHBOr0 MPU HEOOMEKEHOMY

3pocTaHH1 HOMepa N, TOOTO
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lim =2 = p @)

nN—o0 u
to ipu P <1 psix 36ikHuM, a mpu P >1 pax po3dikuuii. Ilpu p =1 HeobXimHO
3aCTOCYBATH 1HIILY O3HAKY.

2) PagnkanbHa o3naka Komri. SIkio mist 3HakogoaatHOro psaay (1) icHye

TPaHULIs BULY

lim/u, = p, (5)

n—o0
to ipu P <1 psix 36ikHuM, a mpu  >1 psa po3oikumit. [Ipu p =1 HE0OXigHO
3aCTOCYBATH 1HIIY O3HAKY.

3) O3Haka NOPiBHAHHA PSIiB. SIKIIO OAMH 3 JBOX 3HAKOAOJATHHX PS/IiB

[e¢] 0

Z u,, Zvn 301kHUN (PO301KHUI) 1 BUKOHYETHCSI yMOBA
n=1 n=1

lim=2 =k, (k=0 k £ ),

Nn—o0 V
n

TO 301)KHUM (PO301KHUM) € 1 IPYTU psijl.

[pukman 1. Jlocmiautu 301KHICTD PSIIB:

= ) 15n-1
)Z n+5 )Z(6n+3j
Po3B’s3anHs. a) 3acTocyemo o3Haky JlamamOepa. [l poro 3amnumemo

. :L . _ 3n+l _ 3n+l
" (n+5) ™ ((n+1)+5)! (n+6)!

1 3HaAEMO TpaHuIlio 3a popmyioro (4). OxepKumMo

u., 3™ 3" . 3"-3(n+5)!
o =lim=— =]im ; =lim =
e U o= (n+6)l (n+5)1 e (n+6)L3"
n, |
T s Q) LU T B Y

e (n+5)L(n+6)-3" m=n+6
Psang 301kHUH.

0) 3actocyemo paaukanbHy o3Haky Komri. O6uuciumo rpanwuito Buay (5).

Onepxumo:
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15n-1)" .. 15n-1 .. 15-%1 15 15
— | =lim—————==Ilim L=—1V) p=—>1.
6n+3 e 6N+3 o= 6+3 6 6

p=Ilim

n—o

Psn po36ixHMIA.

JIns 3HAKO3MIHHMX PSUIiB JTOCTaTHBOIO € Taka O3Haka 301KHOCTI. SIKIIo

IJIs1 3HAKO3MIHHOTO paxy U, +U, +...+ U +... € 30LKHEM PsJ, KU CKIaJEeHHUH 3
aOCOJIIOTHUX BEJIMYMH YJIEHIB I[bOTO  PSIY |u1| + |u2| +...+ |un | +..., TO

3HAKO3MIHHHM psif 301KHUH 1 TaKy HOTO 301KHICTh HA3UBAIOTh A0COIOTHOIO.

Cepen 3HaKO3MIHHUX PAJIIB OKPEMO BUPI3HIIOTH 3HAKOUEPI OBl PSA/IA BULY

0

Uy = Uy +Ug —U, +Ug —Ug oot (1)U 4= > (<1) " u, (6)
n=1

Osnaka Jleii0Onina. ko nms psgay (6) abCOMIOTHI BEIMYMHU YJICHIB PATY

cmamHi: U >U, >U, >...>U >... i BukoHyeTbcsi ymoBa limu, =0, to psx

N—o0

301KHUH, a 1or0 cyma He OijIbIa NepIioro 4ieHa psmy.

3ayBaxkeHHs. SKI0 psiag 13 aOCONIOTHUX BEIWYMH WICHIB paxy (6) €
po301kHUM, a ymMoBa JIeiiOHIlla BUKOHYETBCS, TO TAKUU Psii HA3UBAIOTh YMOBHO
301KHUM.

. . . o (_1)n+1
[Mpukman 2. ocaiauty 301KHICTD Py ) —————.
nZ:l: 3n(n+1)

Po3p’s3anns. [lepeBipumo ymoBH 03Haku JleiOHiia:

1) ! > ! > 1 > >;
P2 2.3 Y34 gn(n+1)

>

2) limu_ = lim———— —0
N " 3n-(n+1)

YMOBH BUKOHYIOThCSA. Psi 301KHMIA.
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DyHKLIiOHaNbHI paau

DYHKIIOHAJTLHUMH PSIAMM HA3UBaIOThCS paAad, YICHAMHU SKHX € I[C}IKi

byHKITI
u, (X) (n =1, 2,...), BHU3HA4YCHI B 00JIaCTi 3MIHU apTyMEHTy X

o0

Uy (X)+ Uy (X) .k Uy (X) +.o= D Uy (). @)

n=1

DYHKUIOHAJLHUN PAJ HABMBAECTLCHA 30LKHUM B TOUYIll X,, AKIIO IIPU

MiJCTaHOBLI X =X, B (DyHKIIOHAIBHUN psx (/) OAEPKUMO YHCIOBHH 301KHHI
pal, a TOYKY X, Ha3MBAIOTh TOYKOKI 30DKHOCTI (DYyHKIIOHAJILHOIO psy.
CyKyIHICTh BCIX TOYOK 301)KHOCTI (DyHKIIOHAJIBHOTO PsIIy HAa3MBAKOTh OOJIACTIO
1ioro 3015KHOCTI.

YacTUHHUM BUNIAAKOM (DYHKLI1OHAJIBHUX PAJIIB € CTENIEHEB] PSIU.

CreneHeBUM PSIZIOM Ha3UBAIOTh Psil BULY

8, +a (x—a)+a,(x—a) +.+a,(x-a) +..= > a,(x-a)", (8)

n
ne a 1 xoedimieHTH a,,8,,a,,...,a,... € cram BeanduHU. Pagiyc 301KHOCTI

cTeneHeBoro psaay (8) oduncmoeTbes 3a GopMyIIor0

R = lim |22 )

nN—oo an+1

OobmnacTro 30DKHOCTI cTerneHeBoro psay (8) € inTepBan (a— R,a+ R), 70
SIKOT'O MOXYTh OyTH JA0aHi KiHmesBi Touku a—R i a+ R,
= n+3

[puknazg 3. 3HaiiT 06;1acTh 301KHOCTI CTENIEHEBOTO PSAY iE X
o N+
n=1

Po3B’si3anHd. 3a popmysoro (9) 3HalgemMo pajiyc 301KHOCTI psy.
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n+3 n+4

n+5 " n+e6’

n

nN—oo

R = |im(”—+3-”L4j— jim (U (0+6) (Hﬁ)(H?‘j _1 R-1.

N+5 n+6 _F%w(n+5)ﬁm+4)_n%w(1+5j(1+4j__’
n n

Opnepxayid iHTEpBaI (—l;l). Jocniaumo 1ie 301KHICTh Psy Ha KIHISAX I[OTO

IHTEepBaIy.

1) IIpu X =1 omepkuMO YHCIIOBHIA PSiI

in+3 “n+3
nln+5 n1n+5’

n+3 : : . .
ne U, = —5 [lepeBipuMo HEOOXiAHY YMOBY (59) 3015KHOCTI UUCTIOBOTO PAY:

n+
3
n+3 1+
limu_ = Iim—5: |im—g=1¢o.
nN—o0 n—o0 nN—o0
n+ 14>
n

HeobxinHa ymoBa He BUKOHY€EThCS. Psii po30ikHUIA.

S n+3
2) lIpu X=-1 oxepkMMO 3HAKOUEPTOBHUU PSII Z(—l)n—S, SIKUM
n-1 n+

TaKOX PO30DKHUMN, 00 IJiT HHOTO HE BHKOHYETHCS HEOOX1JIHa ymMoOBa 301KHOCTI

(limu, =1+ 0) o3naku JleiibHina.

nN—o0
ToOTo 1m0 1HTEepBady 301KHOCTI PsAY HE MOKHA JOJIATH JKOJAHOI KIHIIEBOI
TOYKH.

Binmogiap. O6macTio 301)KHOCTI CTEIIEHEBOTO PSTY € iHTepBal (—1; 1).
Skmio ¢ynxmis Y = f (X) € CYMOIO CTEIIEHEBOI0 ALY

f(x)= f(a)+w(x—a)+%(f)(x—a)z+...+—

1!
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TO TaKUM psil HA3MBalOTh psiioM Telnopa, a Bupa3 (10) Ha3uBalOTh PO3BUHEHHSAM
GyHKIil y crenenesuit psia. Sxio y Bupasi (10) a =0, To Takuii psij Mae BUTIIS

' " (n)
(=1 (0) 4y I @, T70)

1! 21 NI (1)

i HasuBaeThCs pstoM Makiopena juist GyHkii f (X) :

Po3nstHeMO  TpHWKIAagM  PO3BHHEHHS Y  CTEMEHEBI  pSAOM  JIGSIKHX
eJIeMEHTapHUX (YHKITIH.

PosBuHyTH y creneHeBuid psn (ynkiio f (X) =e". 3naiizeMo moxXigHi
JaHO1
GyHKII:

f'(x)=¢* f"(x)=¢" f"(x)=¢",.., f7(x)=¢"..
[Mpu a =0 oxepxumo
f(0)=f'(0)=f"(0)=...= f"(0)=...=€" =1.

Opnep>kani 3Ha4eHHS T1ACTaBUMO Y psin Maxnopena (11). OnepxumMo po3BUHEHHS

byHKIIT y cCTeNeHEBUN Psifl

2 n

. X X X
e =1+—+—+..+—+.... (12)
1 2! n!
AHaNOT1YHO MO>KHA 3HANTH PO3BUHEHHS 1HIIMX (DYHKIIIH y CTETICHEB1 PSJIU.
Tak
. x* X (-1)" x>
SINX=X-—+——...+———+...,
3! 5! (2n—1)!
2 4 _1)" x2-2
cosx:l—X—+X——...+L
2! 4] (2n—2)!
m m(m-1 m(m-1)(m-2)-....m-n+1
(1+x) :1+mx+gx2+...+ (m-1)( ) )x”+...
1! 2! n!
(13)

Psn (13) nasuBaroTh OiHOMiabHUM psitoM. Llel psi 30iraeTbest Ipu X € (—1; 1).
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CreneHeBi psAaM MalOTh IIUPOKE 3aCTOCYBAHHA B TOYHHMX Ta HAOIMKEHHX
00UYMCIEHHSX byHKIIH, IHTerpaiB, HAOIMKEHOMY pO3B’sI3yBaHHI

nudepeHIiaTbHUX PIBHSAHB Ta 1HITUX BUIIAIKaX.

2

Hpuknan 4. Posknactu B crenenesuil paa Gyukuio | (X) =€ i 3HaiiTn
1oro pazaiyc 3015KHOCTI.

Po3p’s3anmst. [Tosnaunmo —x° =t i ans Gynxiii €' B cumy popmymn (12)
3aMUIIeMO Psijt

2 n
RN (14)
1 2! n!

IIpu mizcraHoBIi 3amicTb t iforo suadenns (t = —X?) psx (14) MaTHMe BUrIIST

2 4 n_2n
X° X -1) x
e :1——+——...+L+... :
1 2! n!
3a gopmyioro (9) 3HalimeMo pasaiyc 301KHOCTI OfepKaHOTO psay. BpaxoByrouw,
10 Koe(ilieHTH |an| = l, |an+1| = 1 , TOZI1
n! (n+1)!
. |a . |1 1 . (n+)t - (n+1)-n!
R=lim|— =I|m—:—=llmu=h (n+1) =lim(n+1)=o0,
oelg | rEnt (n4l)lf e onl el n—>or

R =o0.

Psap 301xHUI Ha BC1M YKUCIIOBIH OCl (—oo, —l—oo) .

[puknan 5. Po3knanaroun miaiHTerpayibHy (YHKIIIO B P OOYHCIUTU 3

tounictio 10 0,001 Busnavenwuii inTerpan

1 A\
Posp’szanpnsg. Iliginterpansny  ¢ynkumiro  f (X) = ﬁ = (1+ X ) 4
4 4
1+X

pPO3BUHEMO VY OIHOMIQIBHHM psj, BUKOpUCTOBYHOUM dopmyny (13), sky

MEPENUIIIeMO Y BUTIISA I
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m(m-1 m(m-1)(m-2
(1+t)" —1+ ¢y ( )t2+ (m-1)( )t3+... .
1! 2! 3!
o3Haunmo t = X*, m= 2 1 OJICP’KUMO TaKe PO3BUHEHHS 7Sl (PYHKIIIT:

Al

<1+X4)_‘l‘=l+_‘l‘x4+_‘l‘(_}‘_1)x8+_ (£i-D(=i-2)
1! 2! 3!
L 15 6 159, 15913,
TR CIC TRERY T

[TincTaBuMO po3BUHEHHs (GYHKINI MiJ 3HAK I1HTErpaja 1 MICHS 1HTETPyBaHHS

00YHUCIIMMO HOr0 HAOJMKEHO, B3SBIIM CTUIBKH WICHIB, 100 pemita psay Oyla
menrioro Bix 0,001. I1{o6 He omepkaTh MOXUOKH BiJl OKPYTJICHHS, Oy1eMo Opatu

YOTHPH 3HAKHU ITICIISI KOMH.

(1+ x* )_Z dx =

Il
O'—;I—‘
o
>
O'—;I—‘

1
:j[l— 1l %'5 x8—1'35'9x12+1'54'ﬂx16—...jd
W 5an” T e 4% 41
1 5 45 585
=1-—+ — +
20 288 4992 104448
x> 5x° 5.9x® 5.9.13x"
X — e —+ —
5.4.11 9.42.21 13.4°-31 17.4*.4!

—...~1-0,0500+0,0174—-0,0090 + 0,0052 —0,0004 =

1

0

=(1+0,0174+0,0052)—(0,05+0,0090) =1,0326 —0,0590 = 0,9736 ~ 0,974.

Bignosins. | ~0,974.
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EnemeHTM Teopil UMOBIpHOCTEeN Ta MaTeMaTU4YHOI
CTaTUCTUKMN.

O3nauennsa. Ilodicto Ha3uBaeTbes (KT, KU MOXe BinOyTHCs abo He BinOyTucs B
pe3yibTaTi J0CTidy.

[Ipy mpoMy TOW YW IHIIMK pe3yibTaT MOCHTIAY MOXE OyTH OTpHUMaHUN 3 Pi3HHM
CTyHeHeM MOXJIHBOCTI. ToOTO B [eSKMX BHUMNAIKaX MOXKHA CKa3aTH, IO OJHA TOJIis
B1IOYI€THCS MPAKTUIHO 32K]IH, 1HIIA — MPAKTHYHO HIKOJIH.

[Tonii TakoX MarOTh OCOOJIMBOCTI IO BiJIHONIICHHIO OJHIET 0 1HIIOI, TOOTO B OJHOMY
BUMAJIKY OISt A MOXe BiIOYTHCh CyMICHO 3 MOJIIEI0 B, B iHIIOMY — Hi.

O3nauennsn. llonil HA3UBAIOTHCS HeCYMICHUMU, SIKIIO TIOSIBA OJIHIET 3 HUX BHKIIIOUYAE
MOSIBY 1HIITHUX.

KnacnyHuM npuKIagoM HECYMICHMX NOIIH € pe3yiapTaT MIJKUIAHHA MOHETH —
BUII4/IaHHS JIUIIbOBOI CTOPOHU MOHETH BUKJIIOYAE BUIIA/JAaHHS 3BOPOTHOI CTOPOHM (B OAHOMY 1
TOMY K JTOCIII).

O3nauenna. Ilosnowo epynoro nooditi HA3UBAETBCA CYKYIHICTH YCIX MOXIIMBUX
pe3yNIbTaTIB JOCITITY.

O3nauenna. /[ocmosipnoro TIOJIEI0 HA3UBAETHCS TOMIS, SKa BiAOYIETbCS B pe3yabTari
nocminy. [Tonisi HA3UBAETBCA HEMOXCAUB0IO, SKIO BOHO HIKOJM HE BIIOYAEThCS y pe3yibTari
JOCTiAYy.

Hanpuknan, skio 3 KOpoOKH, 10 MICTUThH JIMIIE YEPBOHI 1 3eJeH1 KyJIbKH, HaBMaHHS
BUIMAIOTh OJHY KYJIbKY, TO IOsiBA Cepell BUMHATUX KylIbOK Oi10i — HemoxuiuBa. IlosBa
YEepBOHOI 1 [10sIBA 3€JICHO1 KYJIbOK YTBOPIOIOTh ITOBHY I'PYITy HOJIH.

O3nauenna. Tlonii Ha3UBAIOTh PIGHOMOJCIUBUMU, SKIO HEMA€ IiJICTAaB BBAXKAaTH, 11O
OJTHA 3 HUX 3’SBUTHCS B PE3yJIbTATI AOCIIY 3 OUTBIION HMOBIPHICTIO.

VYV HaBeneHOMY TPHUKJIAIl MOsSBa YEPBOHOI 1 3€J€HOI KYJIHOK — PIBHOMOMKJIIMBI MOII,
SKIIO0 Y KOpOOIIl 3HaXOAUTHCS OJIHAKOBA KUIBKICTh YEPBOHUX 1 3€JIEHUX KYJBOK.

k1o ) y KopoOLll Y4epBOHUX KYJIbOK OUIbIIE, HIJK 3€JIEHUX, TO MOsBA 3€JIEHOI KYJIbKH —
MO/1isl MEHIIT IMOBIPHICHA, HI’K TIOSIBA YE€PBOHOT.

Buxopasum 3 ux 3arajlbHUX IIOHSATh MOKHA JaTH O3HAYECHHS ﬁMOBipHOCTi.

O3nauenns. HVMOGZPHicm}O moxii A Ha3WMBAacThHCA MaTeMaTH4YHa OIIHKA MOKIMBOCTI
NOSBU 1€l moxil y pe3ynbTati gociiny. MMoBipHicTs monii 4 piBHA BiHOMIEHHIO KiTbKOCTI
CHPUATIMBUX NOJINA pe3ysnbTaTiB AOCHIAY [0 3arajbHOi KUIBKOCTI IOMNAapHO HECYMICHUX
pe3yNbTaTiB JOCIAY, 110 YTBOPIOIOTH MOBHY IPYIITY MOAIH:

P(A) =%. (8.1)

PesynpTar BUMpOOyBaHHS € COPUSTIMBUM TOMIi A, AKIIO TMOSBa B JOCHIAl IHOTO
pe3yibTaTy TATHE 32 COOO0 TOSIBY MOSABY MO A.

OdeBuaHO, 1O HMOBIPHICTH JOCTOBIPHOI MONIi piBHA OAMHMIN, a WMOBIPHICTh
HEMOXJIMBOI — piBHA HYIIO. TakMM YMHOM, 3HAUYE€HHSI HMOBIPHOCTI OyIb-SIKO1 TTOJI1 — € JOIaTHE
YHCII0, 0 MICTUTHCS MIXK HYJIEM 1 OJTUHULIEIO:
0<P(A)<1.
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Mpuknaa | vV xopoOri 3HaxonxsaThesl 10 Kynbok. 3 3 HMX 4YepBOHI, 2 — 3elieHi, 1HmI Oui.
3HalWTH IMOBIPHICTB TOTO, III0 BUITHATAa HABMAHHS KyJbKa Oy/ie 4epBOHOI0, 3€JIeHOI0 200 O1iJ1010.
® [TosiBa 4epBOHOI, 3€JICHOI 1 OUI01 KYJIbOK CKIIAAI0Th MOBHY rpymy nofii. [To3naunmo
MOSIBY Y€PBOHO1 KYJIbKU — TOIisI A, TTOsIBA 3€JICHOT — mo/iis B, mosiBa 61i10i — mois C.
VY BiZIMOBITHOCTI 10 BUILIEBKA3aHUX (HOPMYJI, OTPUMAEMO:
3 2

P()= 2 PB)=ri P(O)=-.

BigMiTuMo, 110 iIMOBiIpHICTh HACTAHHS OHIET 3 JABOX MOIMAHO HECYMICHHX IMOJii piBHA
CyMi IMOBIPHOCTEH IMX TIOJIIH.

O3nauenna. Bionocrnow uyacmomoro momii A Ha3UBAETbCAd BIIHOMIEHHS KUIBKOCTI
JOCITIJIIB, Y pe3yJIbTaTi SKUX BIAOYIach OISl A, 10 3araJIbHOI KUTBKOCTI JOCTIIIB.

BigmiHHICTE BITHOCHOI 4acTOTH BiJ WMOBIPHOCTI TOJIATA€ B TOMY, IO HMOBIPHICTH
009HCITIOETHCS O€3 6e3mocepeTHLOT0 TOOYTKY TOCIIIB , @ BIIHOCHA YaCTOTa — MiCTIs JTOCIITY.

Tak B pO3MJISIHYTOMY BHIIE MTPUKJIA/II, SKIIO 3 KOPOOKH HaBMaHHS BHJIYYCHO 5 KYJIBOK i
2 3 HUX BUSBHIIUCS YSPBOHMMH, TO BiJIHOCHA YaCTOTA TOSBH YEPBOHOT KYJIbKH JTOPIBHIOE :

W(A):é.

Sk BUAHO, 1151 BeTMYMHA HE 301raeThCs 31 3HANICHOO HMOBIPHICTIO.

[Ipr HOCUTH BENMMKiN KUTBKOCTI MPOBENEHHUX JOCIIAIB BiIHOCHA YacTOTa 3MIHIOETHCA
MaJIo, KOJIMBAIOYNCh OJIM3bKO OJHOrO umcia. lle uncino moxxe OyTH mpUHAHATO 32 HMOBIPHICTH
moii.

Bzarami kaxxyuu, KJIacMYHEe BH3HAYCHHS HWMOBIpHOCTI — JocuTh BigHocHe. lle
00yMOBJIEHO THM, 1110 Ha MPAKTULI CKJIQAHO YSIBUTH PE3YJIbTaT AOCHILY Y BUIJISAL CYKYIHOCTI
eJIEMEHTapHUX TO/11H, T0BECTH, 1110 MO/ii PIBHOIMOBIPHI.

Hanpuknan, npu mpoBeieHH1 T0ciiny 3 MiAKUAAHHAM MOHETH Ha pe3ysbTaT JOCHTiLy
MOXYTh BIUIMBAaTH Taki (aKkTOpH SK HECHUMETPUYHICTh MOHETH, BIUIUB ii (opmMu Ha
aepoJIMHaMIYH1 XapaKTepPUCTUKH MOJIbOTY, aTMOC(EpHI YMOBH 1 T.1.

Knacuune Bu3HaueHHs HMOBIPHOCTI HE 3aCTOCOBYEThCS 10 BHUIpPOOyBaHb 3
HECKIHYEHHUM uuciaoM pe3ynbTaTiB. [1lo0 momomatu 1eli HEMOMIK BBOJUTHCA TOHSITTS
2eomempudHoi UMogipHocmi, TOOTO UMOBIPHOCTI MOMAaHHS TOUYKU B OyAb-sSKHIl BIAPI30K 200
YaCTHUHY IUIOIUHU (TIPOCTOPY).

Tak, KO Ha BiApi3Ky MOBKUHOIO L BHIiIEHHIA BiApi30K MOBKUHHU |, TO WMOBIpHICTH
NOMaJaHHs HABMaHHS B3ATOI TOUKH y Bijipi3ok | mopiBHIoe BimHOMIeHH O I/L.

O3nauenns. llonist A Ha3UBAETHCS He3AIE€HCHO BT TOIT B, sIKIO iIMOBIPHICTB MOIT A
HE 3aJIeXKUTH BiJl TOTO, BiOynach nojis B un Hi. [loaist A Ha3UBaeThCs 3aIEKHOO BiJl MOAIT B,
SIKIIO IMOBIPHICTb TOJIIi 4 3MIHIOETHCS B 3aJIEXKHOCTI BiJl TOTO, BiAOyIack mofis B 4u Hi.
O3nauenna. IMoBipHiCTh mofii B, oOuYuClIeHa MpU YMOBI, IO Majia Micle MO A,
HA3UBAETHCS YMOBHOW IMOGIpHIcCmIO TIOAIT B!
P.(B)=P(B/A)=P(AB)/P(A).
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Teopema (mnooicenns imogipnocmett). Imogipnicms 000ymky 080X noodiu (cymicHoi ix
noseu) piena 00OYmKy iMOGIPHOCMI OOHIEL 3 HUX HA YMOBHY IMOSIpHICMb 10py2oi, 0byucieHy
npu yMo8i, Wo nepuia noois yyice Hacmana:

P(AB) = P(A)P(B/ A) = P(A)P,(B).

Takox moxHa 3anucatu: P(AB) = P(A)P(B/ A) = P(B)P(A/B) = P(B)P; (A).
JloBeeHHs 11i€i TeopeMu O6e31mocepeIHbO BUIIMBAE 3 O3HAYCHHS YMOBHOI IMOBIPHOCTI.
SAxmo moxii HesanexHi, To P(B/A)=P(B), 1 Teopema MHOXEHHS IMOBIPHOCTEMH

MaTHMe BUTJIS;
P(AB) = P(A)P(B). (8.4)

VY pa3i 100yTKy KUTbKOX 3aJICKHUX T0J11i HMOBIPHICTh IOPIBHIOE TOOYTKY OJHOTO 3 HUX
Ha yMOBHI HMOBIpPHOCTI BCIX IHIIMX 3a YMOBHM, IO HMOBIPHICTH KOXXHOTO HACTYITHOTO
OOYHCITIOETHCS B MPUITYIIEHH], 110 BC1 1HIII MOAIT BXKe BiAOYIHCA.

P(AA,..A) = P(A)P(A T A)P(A TAA,)..P(ATAA,..A, ).

3 TeopeMu A0OYTKY MMOBIPHOCTEH MO>XKHA 3pOOUTH BUCHOBOK MPO MMOBIPHICTH MOSBU
xo4a 0 oxHiel moii.

SIK110 B pe3ynbTari BUIIPOOYBAaHHS MOKE 3'SBUTHUCS /1 TIOJIiH, HE3aIEKHHUX B CYKYITHOCTI,
TO WMOBIPHICTH MOSIBH X04a O O/HI€T 3 HUX JOPIBHIOE:

P(A) =1- 0,9;--q,-

Tyr monis A o3Hayae HacTaHHsA Xoya O oxniei 3 momiit Ai, a Qi — IMOBIpHICTb

OPOTHIISKHUX monid A, A, ..., A, .

Mpuknag | 3 MOBHOI KOJIOIU KapT (52 MIT.) OJHOYACHO MAICTAIOTh YOTUPH KapTH. 3HANTH
IMOBIPHICTb TOTO, IO CEpeJl LIUX YOTUPHOX KapT Oyze xoua 6 ogHa OyOHOBa abo
YHPBOBA KapTa.
® [lo3naunmo mosiBy xoua 6 onHiei OyOHOBOT KapTH — MoJisi A, mosiBa Xxo4a O OAHIET
YUPBOBOI KapTu — nofist B. TakuM unHOM, NOTpiOHO BU3HAYUTH iMOBIpHicTh nofii C = 4 + B.
Kpim Toro, moxii 4 i B — cymicHi, TOOTO TosiBa OAHI€1 3 HUX HE BUKJIIOYAE TTOSBH 1HIIION.
Bceroro B kontoni 13 unpBoBux 1 13 OyOHOBHX KaprT.
[Tpy BUTATYBaHHA MEpLIOi KapTH IMOBIPHICTH TOTO, IO HE 3’SIBUTHCSA HI YUpPBOBA Hi

. 26 . . 25 . 24 .
OyOHOBa KapTa piBHa 5 P BUTATYBAHHI IPYroi KapTu — 1 TPETHOI — 30 YETBEPTOI —

23
49
Tozi IMOBIpHICTE TOTO, IIO Cepe/l BUHHATHX KapT He Oyne Hi OyOHOBHX, HI UMPBOBUX
piBHa P(5)=§~g~%~2.
52 51 50 49

Toxi P(C)=1-P(C) ~ 0,945.

Npuknaa YoMy piBHA IMOBIPHICTH TOTO, NPU MiAKUIAHHI TPHOX I'PAIBHUX KICTOK 6 OUYOK
3’SIBUThCS X04a O Ha onHiil 3 KicTOK?
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. . 1 .
® |MOBIpHICTh BUIIQJAAHHA 6 OYOK IPU OJHOMY KMJKY pIBHA rE ImoBIpHICTE TOTO, 110

5 o .
He Bunajae 6 04ok — rE VIMOBIpHICTH TOTO, 10 IPHU KUJKY TPbOX KICTOK HE BUIAJAE OJHOTO

a3y 6 O4OK piBHa P = > 3 _125
Py P 6) 216
125 91
Toni iMOBIpHICTE TOTO, ITIO0 X04a O OJIMH pa3 BUMae 6 040K piBHA 1— E = 216

Mpuknaa | vy GapabGani peBoibBepa 3HAXOAAThCA 4 NATPOHM 3 IIECTH y JOBLILHOMY

nopsiaky. bapabaH po3kpy4yroTh, Micias YOro HATHCKAKOTh HAa CIYCKOBUH radok JBidi. 3HAWTH
HWMOBIPHOCTI X04a 6 OJHOTO MOCTPiTY; ABOX IMOCTPLIIB; IBOX OCIYO.

® [MOBIpHICTB MTOCTPITY IIPH MEPIIOMY HaTHCKaHHI Ha Kypok (mojis A) piBHa P(A) = g ,

C . — 2 & I . .
IMOBIpHICTh Ociuku — P(A) = 3 HIMOBIpHICTH IIOCTPULY IPU APYroMy HaTHCKaHHI Ha KypOK

3AJICKUTH BiI[ pe3yiibTaTy NEepUIOrO HATUCKAHHA.

Tak, gKII0 y nepiomMy BUMAAKY BiIOyBca MOCTpil, TO y OapabaHi 3a/IMIINIOCH JHIIe 3
NaTPOHH, IPUYOMY BOHH PO3IOJICH] 10 5 THi3aM, Tak SK NpU IPYroMy HaTHCKaHHI Ha KypoK

HaBIPOTH CTBOJIA HE MOYKE ONMHUTUCSA THI3/0, Yy SKOMY OyB HaTPOH IpH MEPIIOMY HATHUCKAHHI
Ha KYpOK.

YMoOBHa HMOBIpHICTB OCTPLTY IpH Apyriit cipobi — P(B/ A) = —, SKIIIO TIEPLIOTOo pa3y
. ~ 4 )
oyB noctpin, P(B/A) = e AKIIO TepIoro pa3y Oyia ociuka.
YMOBHa HMOBipHICTh OCiukH Apyroro pasy — P(B/A) =§, SKIIO MEepIIoro paszy Oys

noctpin, P(B/A) = % — SIKIIIO TIEPIIOTO pa3y Oyna ociuka.

Po3ransiHeMo iMOBIPHOCTI TOTO, 110 y APYroMy BHNaAKy Oyzae moctpin (moxis B) abo
BizOyeThCs ociuka (Mozist B ) IpH YMOBI, 10 TIepIIoro pasy 6y mocTpi (momist A) a6o ociuka
(momist A ).

P(B)=P(A)P(B/A) = 43_6_ 0,4 — 1aBa MOCTPLIN TIOCHIIB;
6 5 15
14 4 . . .
P(B)=P(A)P(B/A) = 3ETES 0,267 — mepia ocivyka, APYTHil MOCTPIT;
4 2 4 . ) .
P(B)=P(A)P(B/A) = TR 0,267 — nepiuii mocTpii, Apyra ociuka;
11 1 . .
P(B)=P(A)P(B/A)== 3515 ~ 0,067 — 1B OCIYKHU TOCTILITb.

L{i yoTupu BHUMAIKK YTBOPIOIOTH MOBHY TpyIy Moniid (cyma ix iMOBipHOCTEH piBHa
OJIMHHIII).
AHani3yroud OTpUMaHi1 pe3yabTaTH, 6aurMo, 110 IMOBIPHICTh X04a O OJHOrO MOCTPLITY

6,4 4 14
iBHa cyMmi P, = —+—=—~0,933.
piBHa cymi Py = ot ot e =15
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Tenep posrisHemMo iHIUI Bunaaok. [IpencTaBumo, M0 miciast NepUIoro HaATUCKAHHS Ha

KypoK 6apabaH po3KpYTHUIIH 1 3HOBY HATUCHYJIH Ha KYpPOK.
VIMoBipHOCTI IIepmIoro mocTpiny i mepioi ociuky He 3MiHmIHCH — P(A) = g , P(A) = %

YMOBHI IMOBIPHOCTI JIPYrOT MOCTPLTY 1 OCIYKH OOYHCIIIOIOTHCS 3 YMOBH, IO HABIPOTH CTBOJIA

MOXKE OITMHUTUCH TEC XK FHiSIIO, 1o ¥ nepmoro pasy.

YMoBHa IMOBIPHICTh MOCTPLTY MpHU ApyTii cipodi — P(B/A) = g AKIIO MEPIIOTo pa3y
. — 4 )
oyB noctpin, P(B/A) = e SKIIO MEPIIOro pazy Oyia ociuka.
o ) = 3
YMoBHa IMOBIPHICTh OCiuku apyroro pazy — P(B/A) =€, SKILO TEepHIoro pasy OyB

noctpin, P(B/A) =§ — sIKI[o Oyra oclyka.

Toni:

4 3 3 . .
P(B)=P(A)P(B/A)= 55°9° 0,333 — 71Ba TOCTPiIN MOCIiNIb;

24 2 . . .
P(B)=P(A)P(B/A) = 56" 9" 0,222 — nepuia ociuka, APYrUil HOCTpi,;

4 3 3 . . .
P(B)=P(A)P(B/A)= 569 ~ 0,333 — mepuuii mocTpis, Ipyra ocivuka;

22 1 . .
P(B)=P(A)P(B/A)== 5 6°9" 0,111 — 1Bi OCIYKH MOCIIiIIB.

B upomy Bumaaxy iMOBIpHICTB TOTO, IO BiOYAEThCS X0ua O OJMH MOCTPLN, piBHA!
P, :§+E+§:§z0,889.
9 9 9 9
Mpuknaa | Jlpa cTpijkuM CTPUISIOTH MO MimeHi. IMOBIpHICTH BIIydeHHS B MillleHb TIPH
OJIHOMY TIOCTPUII AJisi mepuioro crpiika piBHa 0,7, a mist apyroro — 0,8. 3HalTH IMOBIPHICTh
TOTO, IO TPH OJHOM 3aJIIi B MIIlICHb BIYYHUTh TUIBKH OJIUH 13 CTPIJIKIB.
® [lo3HaunMO TOMAaJaHHS B LiJdb MEPIIUM CTPIIKOM — MOZis A, IpYyruMm — momis B,
IIPOMaX TIEPIIOTO CTPiNKa — MOfis A , IPOMax JAPyroro — mofist B .
P(A)=07; P(A)=03; P(B)=08; P(B)=0,2.
IMOBipHICTB TOTO, 110 NEPUINI CTPLIOK BIYYUTh Y MIIIE€Hb, & APYTUN — Hi, piBHA:
P(A)P(B)=0,7-0,2=0.14.
IMOBIpHICTB TOTO, III0 APYTHH CTPIJIOK BIYYUTh y MIIIE€Hb, a EPUINHA — Hi, piBHA:
P(A)P(B)=0,3-0,8=0,24.
Toni iIMOBIpHICTb BITy4€HHS B I[UIb JIMIIIE€ OJTHUM CTPIJIKOM piBHA:
P=014+0,24=0,38.
Toli xe pe3ynbTaT MOKHA OTPUMATH 1HIIMM CIIOCOOOM: 3HAXOAMMO IMOBIPHOCTI TOTO,
o oOujBa CTPUIKM BIYYWJIM B I[Ib 1 00MIBa MpOMaxHyauch. Lli IMOBIPHOCTI BiJMOBIJHO
piBHI:
P(A)P(B)=0,7-08=0,56; P(A)P(B)=0,3-0,2=0,06.
Toni iIMOBIPHOCTI TOTO, 1110 B IT1JTb BIYYUTH JIUIIIE OJUH CTPIJIOK, PiBHA:
P=1-0,56-0,06=0,38.
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Mpuknaa | [MOBipHICTH TOTO, IO HABMAHHS Y3iTa JETallb 3 JAESIKOl mapTii Aeraneit Oyxae
OpakoBaHo10, piBHa 0,2. 3HalTH IMOBIPHICTH TOTO, IO 3 TPHOX Y3ATHUX JETaNeil 2 BHUSBIATHCS
He OpaKOBaHUMHU.

®[lo3HaunMo 6paKOBaHy JeTalb — HOis A, He GpakoBaHy — mojis A .
P(A)=0,2; P(A)=0,8.
SIkmio cepen TphOX JeTainei Oyze TUTbKKA OJHa OpaKkoBaHa, TO 1€ MOXKIUBO B OJJHOMY 3 TPhOX
BUITIAJIKIB: OpakoBaHa JieTallb OyJe MepIioko, APYrow adbo TPEThOo.
P=P(A)P(A)P(A)+P(A)P(A)P(A)+P(A)P(A)P(A);
P=3-0,2-0,8-0,8=0,384.

flpuknaa | vosipaocti Toro, mo HOTpiOHA JeTalbh 3HAXOAUTHCS Y IEPLIOMY, IPYroMy,

TPETHOMY 200 YETBEPTOMY SIIUKY. 3HANTH IMOBIPHOCTI TOTO, IO 115 ACTAIb 3HAXOIUTHCS: a) HE
OUTBIII, HDK y TPHOX SAIIMKaX; 0) HE MEHIII, HK y IBOX SIIHKAX.

® a) IMOBIpHICTB TOTO, IO JaHA JETANIb 3HAXOUTHCS Y BCIX YOTHPHOX SMIMKAX, PiBHA!
P=PP,PP,=0,6-0,7-0,8-0,9=0,3024.

IMoBipHIiCTH TOTO, 110 MOTPiOHA JETalb 3HAXOIUTHCS HE OUIBII, HK Y TPHOX AIIUKAX,
piBHa IMOBIPHOCTI TOTO, 1[0 BOHA HE 3HAXOAUTHCA B YCIX YOTUPHOX SIIHUKAX:
P(A)=1-P=1-0,3024=0,6976.

0) IMOBipHICTB TOTO, IO MOTPiOHA JIETAIb 3HAXOJUTHCS HE MEHII, HIX Y JBOX SIIUKAX,
CKJIAJJA€THCS 3 IMOBIPHOCTEW TOTO, IO JETalb 3HAXOAWTHCS TUIBKH Y ABOX SIIMKAX, TUIBKI Y
TPHOX SIIMKAX, TUTBKUA Yy YOTHUPHOX SIIMKAX. 3BUUANHO, I1i KIMOBIPHOCTI MOYKHA MOPAaxyBaTH, a
MOTIM JIOJaTH, MTOJAHAK, MPOCTIIIe 3po0UTH 1HaKImIe. Ta X IMOBIPHICTh piBHA IMOBIPHOCTI TOTO,
110 JIETallb HE 3HAXOUTHCS JIUIIC B OJTHOMY SIIIUKY 1 MA€ThCS B3araii.

IMOBIpHICTB TOTO, IO JETab 3HAXOJUTHCS TUILKUA B OJJHOMY SIIIIUKY, PiBHA!

P =P0,0,0, +9,P,d,0, + 6,9,Pq, +0,0,9;P,;
P=06-0,3-0,2-01+0,4-0,7-0,2-0,1+0,4-0,3-0,8-01+0,4-0,3-0,2-0,9 =
=0,0036+0,0056+ 0,0096+ 0,0216=0,0404.
Q=1-0,0404=0,9596.

IMoBipHICTB TOTO, 1110 TOTPIOHOT I€TAJl HEMAE B KOJIHOMY SIIHKY, PIBHA:
R, =0,9,9;9, =0,4-0,3-0,2-0,1=0,0024

Q, =1-0,0024=0,9976.
[lykaxa imoBipHicTh piBHa: P(B)=Q-Q, =0,9596-0,9976=0,9573,

9.3. ®opmy.J1a MOBHOI iMOBIpHOCTI.

Hexaii nesxa noais 4 moxe BitOyTHCS 3 OJHi€l0 3 HecyMicHuX moxaid H,, H,,...,H , sxi
CKJIAJIaf0Th TIOBHY rpymy moxiid. Hexait Bigomi imoBiprocti nux noxitn P(H,),P(H,),....,P(H,)

Ta  YMOBHI  IMOBIpHOCTI  HactaHs momii A  mnpu  HacrtauHi  moxii  H
P(A/H,),P(A/H,),.,P(A/H,).
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Teopema. Imosipnicmv nodii A, sxa modce 8i0dymucs pazom 3 OOHIEW 3 RNOOIlU
H,,H,,...H,, pisna cymi napnux oobymxie imosipnocmeii kKox#cHOi 3 yux nodiu Ha 6i0NOGIOHI

iM yMO8HI iMoGipHOCMI HACMAHHA NOOIT A:

P(A) =Y P(H,)P(A/H,) (8.5)

Mpuknaa | Opun 3 TPLOX CTPIKIB POOUTH JIBA TOCTPiNK. IMOBIPHICTE BIIyYEHHS B IiJIb IIPH
OJIHOMY MOCTpiiil jiisa nepiioro crpiaka piBaa 0,4, mius apyroro — 0,6, mus tpetsoro — 0,8.
3HaNTH IMOBIPHICTB TOTO, 1110 B I1JIb BIy4YaTh JBIYl.

® [MOBIpPHICTb TOTO, IIO MOCTPUIA POOHUTH MEPIINNA, IPYrui abo TPETi CTPUIOK piBHA

1

3
IMOBipHOCTI TOTO, 1110 OAMH i3 CTPUIKIB /B4l BIYYUTH B LiJIb, PIBHI:
— ans nepioro crpinka: p; =0,4” =0,16;
— JUJIsL IPYTOTO CTPLIKA: pz2 =0,6% =0,36;

— JUISI TPETHOTO CTPLJIKA: p32 =0,8° =0,64.

[lykana iMOBIpHICTB piBHA:

1,1, 1, 1 29
=—p, +=p,+=p; =—(016+0,36+0,64) = —.
p 3p1 3p2 3p3 3( ) 75

9.4. ®opmyaa baiieca (popmyJia rinore3s).

Hexaii maemo mnoBHa rpyna HecyMmicHux rimore3 H;, H,,..,H, 3 Bimomumu
imoBipHocTsimu ix Hactanus P(H,), P(H,),..., P(H,). Hexaii y pe3ynbraTi nocuiny Hacrasia
noxisi A, yMOBHI IMOBIPHOCTI SIKOi MO KOXHIM 3 TiMOTe3 BiIoMi, TOOTO BiAOMI IMOBIPHOCTI
P(A/H,), P(A/H,),..., P(A/H,).

[TorpiOHO BH3HA4YMTH, sIKI IMOBIPHOCTI MaroTh rinoresu H,, H,,..., H  BigHocHO monii

A, To6to ymoBHi imoBiprocti P(H, /A).

Teopema. Imogipnicme cinomesu nicia 6unpo0yeanHs pieHa O000YMKY IMOSIPHOCMI
2inomesu 00 8uUnpo0Y8anHs HA GIONOGIOHY il YMOBHY IMOGIpHicMb noOdii, siKa 6i0dyracs npu
8UNPOOYBaAHHI, NOOLNEHY HA NOBHY IMOBIPHICMb Yiel nodii:

P(H,)P(A/H,
P(Hi/A)=n( JP( )
2 P(H)P(A/H;)

i=1

(8.6)

L1s popmyna HazuBaeTbest popmynoro baiieca.

9.5. lloBTOpeHHs1 BUNPOoOYyBaHb. ®opmy.aa bepHyii.

SIKI10 MPOBOAUTHCS KibKa BUMIPOOYBaHb , B pe3yJbTaTi KUX MOXe BiOyTucsa abo He
BiOyTHCs MOJIs A , 1 HMOBIPHICTh MOSBHU IIi€l MOMIT B KOXKHOMY 3 BUIPOOYBaHb HE 3aJICKUTh
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BiJl pe3y/ibTaTiB IHIIMX BUIPOOYBaHb , TO TaKi BUIPOOYBAHHS HA3UBAIOTBHCS HE3ANEHCHUMU
BIJTHOCHO TOJII A.

[Mpunyctumo, 1mo noxist A HacTae B KOXXHOMY BHIIPOOYBaHHI 3 HMOBipHicTIO P(4)=p.
Busnaunmo #MOBIpHICTD Pp,, TOTO, IO B pe3yabTaTi # BUMIPOOYBaHb MOis A HacTana piBHO m
pasis.

[{r0o ¥HMOBIpHICTP MOXXHA TIOpPAaxXyBaTH, BHKOPHCTOBYIOYM TEOPEMH JIOJIAaBaHHS 1
MHOXKCHHSI HMOBIPHOCTEH, SK IIe POOHIIOCS y PO3TISHYTHX BHINE Npukiaaax. OgHak, mpu
JIOCHUTh BEJIMKIN KUTBKOCTI BUIMPOOYBaHb I1€ MIPU3BOJUTH 10 YK€ BEIUKUX OOYUCIICHB. TaKuM
YUHOM, BHHHMKA€ HEOOXIIHICTh PO3POOMTH CHUIBHUHM MiAXiJ 0 BHPIMIEHHS IOCTaBJICHOTO
3apmaHHs. LleW migxin peanizoBanuii 'y gopmyni bepuyani (Slko6 bepuymm (1654-1705) —
HIBEHIIapChKUI MaTEMaTHK).

Hexaii y pe3ynbTaTi n He3aleKHUX BHIPOOYBaHb, MPOBEICHUX B OJHAKOBHX YMOBAX,
noxmis A Hacrae 3 imoBipuicTio P(4)=p, a mpoTuiaekHa HoMy momis A 3 HMOBIpHICTIO
P(A)=1-p.

[To3naunmo Ai — HactaHHs mofii A y BumpoOyBaHHI 3 HOMepoM I. OCKiIbKH yMOBH
MIPOBEJICHHS BUIIPOOYBaHb OJIHAKOBI, TO I1i HMOBIPHOCTI PiBHI.

S0 B pe3ysbTati 1 TOCIHIIB MOdist A HacTae PiBHO m pa3iB, TO 1HII #—m pa3 [ OIS
He Hactae. [loxmis A Moxe 3'IBUTHCS m pa3 B n BUNPOOYBAHHSAX B PI3HUX KOMOIHALIAX, YHCIIO
SAKHX JIOPIBHIOE KUIBKOCTI CIIOJNlydeHb 3 7 eleMeHTiB 1o m. Ll xinekicme cnonyuens
3HAXOIMUTHCS 32 POPMYIIOHO:

(S (8.7)
" mli(n—m)! '
IMOBipHICTH KOKHOT KOMOiHAIII{ TOPIBHIOE TOOYTKY HMOBIPHOCTEH: p"(L-p)" "

3acTOCOBYIOUM TEOpEMY JOAAaBaHHS HMOBIPHOCTEH HECYMICHHX TOMiH, OTPUMYEMO
Gopmyny bepuyni:

n! m n-m
=mp L-p)" . (8.7)

m,n

@®opmyna bepHymn BaxiuBa THM, IO CHOpaBe[IMBa AN OyIb-AKOi KUIBKOCTI
HE3aJNeKHUX BHUMPOOyBaHb, TOOTO TOTO CaMOr0 BHUMAAKY, B SKOMY HAHOUIBII YITKO
MPOSIBISIFOTHCS 3aKOHU TEOpii IMOBIPHOCTEH.

MPUKkNaA | [lo uini mpoBoAMTHCS 5 HOCTpiNiB. VIMOBIpHICTH BIydeHHS ISl KOKHOTO
noctpiny aopisHioe 0,4. 3HaiiTH IMOBIPHICTH TOTO, IO B L1JIb BIYYHUJIM HE MEHIIIE TPHOX Pa3iB.
® |MOBIpPHICTb HE MEHILIE TPhOX BIYYEHb CKJIAJA€ThCA 3 MMOBIPHOCTI I'ATU BIIYYE€Hb,
YOTUPHOX BIY4YEeHb 1 TPhOX BIydeHb. OCKUIBKU MOCTPUIM HE3alEXkHi, TO MOYKHA 3aCTOCYBAaTH
dbopmyny bepHysuti HIMOBIpHOCTI TOTO, IO B 72 BUMIPOOYBAHHAX MO/isl B HMOBIPHICTIO p HACTa€
PiBHO 7 pa3.

p"(L-p)".

m,n

- m!(n;m)!

VY pasi m'stu BiydeHs 3 m'atu Mokimenx: Py = p° =0,4° =0,01024

I
YoTtupu BIydeHHS 3 M'SITH MOCTPLITIB: P,s= ﬁ p*(l— p)=0,0768.
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I
Tpu Baydyenns 3 n'atu: P, = % p3(l— p)? =0,2304

OcTtaToyHO, OTPUMYEMO WMOBIPHICTh HE MEHIIIE TPHOX BIYYEHb 3 M'SITH MOCTPLJIiB:
P =0,01204+0,0768+0,2304=0,31744

9.10. Yucj0Bi XapaKTepUCTUKH IMCKPETHUX BUNAJTKOBHX BEJTHYHH.

3aKOH PO3MOJUTY TOBHICTIO XapakTepu3ye BHUMAAKOBY BenuumHy. OJHAK, KOJIH
HEMOXJIMBO 3HAWTH 3aKOH pO3MOALTY, ab0 MbOro HE NOTPIOHO, MOXHA OOMEKHUTHUCH
3HAXO/DKECHHSIM 3HAueHb, SIKI HA3WUBAIOTHCS UHUCIOBHMHU XapaKTEPUCTHKAMH BHIIIKOBOT
BennurHM. 1[I BENIMYMHM BH3HAYAIOTh JCSIKE CEPEIAHE 3HAUCHHSI, HABKOJO SIKOTO T'PYITYIOTHCS
3HAYCHHS BWITAJIKOBOI BEJIMYMHH, 1 CTYIiHb iX PO3KHIAHOCTI HABKOJO IIHOTO CEPEIHHOTO
3HAYCHHS.

O3nauenna. Mamemamuunum OYiKy6aHamM TUCKPETHOI BHUIIAJKOBOI BEIWYMHU
HA3WBAETHCA CyMa JTOOYTKIB YCiX MOKJIMBHX 3HAU€Hb BUITAJKOBOI BEIMYMHHU Ha 1X iIMOBIPHOCTI:

m, =M(X) =X P, + X, P, +.c+ X, Py = DX P;- (8.10)
i=1

MareMaTiuHe OYIKyBaHHS ICHY€, SKIIO PsJ, IO CTOITh y IMpaBiii YaCTHHI PiBHOCTI,
301KHUM aOCOTIOTHO.

3 TOYKH 30py IMOBIPHOCTI MO>KHa CKa3aTH, II0 MaTeMaTHYHE OYiKyBaHHS HaOIMKEHO
piBHE cepeTHbOMY apH(PMETHYHOMY 3HAYCHD BUITAJKOBOT BEJIMYMHH, L0 PO3TIIAIA€THCA.

9.11. BiaacTuBOCTi MATEMaTUYHOIO O4iKyBaHHSI.

1) MaremaTu4He O4iKyBaHHs CTAJIO BEIMYMHU PIBHE CaMiil cTaiii: M(C)=C.

2) Cranuii MHOXHUK MOXXHAa BHHOCHTH 32 3HAaK MaTeMaTHYHOIO OYIKyBaHHS:
M (Cx) = CM (X).

3) MaTtematuHe o4iKyBaHHS JOOYTKY JBOX HE3aJEKHHMX BUIIAJKOBUX BEJIWYUH PIBHHUH
T00yTKY X MaTeMaTUYHUX OYIKYBaHb:
M (XY)=M(X)M(Y).

[ B1acTUBICTH ClIpaBeAIMBa AJis JOBUIBHOT KIJIBKOCTI BUIAJKOBUX BEITUYMH.

4) MarematuyHe O4YIKYBaHHS CyMH JIBOX BHUIAJKOBUX BEJIMYUMH piBHE CyMi

MaTEMAaTUYHUX O‘-IiKYBaHB I[O,Z[aHKiBI
M(X +Y)=M(X)+M().

I_[H BJIACTHBICTh TAKOXK CIipaBCAJinBa Ui ,[[OBiJ'IBHOI KIJIBKOCTI BUITaAKOBUX BCINYHH.

Hexaii npoBoauThCS 7 HE3aJNEKHUX BUNPOOYBaHb, IMOBIPHICTb MOSABU MOAIT A Yy SKHX
piBHa p.

Teopema. Mamemamuune ouikyeanus M(X) uucna nosseu nodii A 6 n HesaneHcHUx
BUNPOOYBAHHAX pPiGHe 000YMKY YUCIA BUNPOOYBAHbL HA IMOBIPHICMb NOABU NOOIl Y KOHCHOMY
8UNPOOYBAHHI:
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M (X) =np.

OpHak, MareMaTHYHE OYIKYBaHS HE MOXE IMOBHICTIO XapaKTepU3yBaTH BUIAJKOBHI
nporec. KpiMm MaTeMaTH4HOro OYiKyBaHHS MOTPIOHO YBECTH BEIHYMHY, SIKa XapaKTEPHU3YeE
BiJIXWJICHHS 3HAYEHb BUITAJIKOBOI BEJIMYMHHU BiJl MATEMAaTUYHOT OYiKyBaHHS.

Ile BimXwWiICHHs pIBHE PI3HMIN MK BHIAIKOBOK BEIMYMHOIO Ta il MaTeMaTUYHUM
ouikyBaHsaM. [Ipu 11bOMy MaTemMaTHYHE OUYIKYBaHHS BIAXWICHHS piBHE HYIO. Lle mosicHIoeThCs
THM, IO OJIHI MOXJIMBI BIAXWJIGHHS JOJATHI, 1HII BiJ’€MHIi, 1 y pe3yJbTaTi iX B3a€EMHOTO
MOTAIIEHHS OTPUMYEMO HYJIb.

Osnauenna. Jlucnepcicio (poscitosannsm) IUCKPETHOI BHITAAKOBOI  BEIHYHUHH
HA3MBAETHCS MAaTEMAaTUYHE OYIKYBaHHS KBaJpTa BIIXWUICHHS BUIMAJAKOBOI BEIMYUHHU BiJ i
MaTEeMaTHYHOTO OYiKyBaHHS:

D(X)=M[X -M(X)[. (8.11)
Mpvknan | 71519 posrysanyTOro BuIlE IPHUKIALY 3aKOH PO3MOITY BUMAIKOBOI BEIMUMHI MAE
BUTJISI:
X 0 1 2
P 0,0625 0,375 0,5625

3HaliTH MaTeEMaTUYHE O‘IiKYBaHH}I Ta ,Z[I/ICHepCiIO BI/Il'IaI[KOBO'f BCJINMYNHU.
® Maemo:  M(X)=0-0,0625+1-0,375+2-0,5625=1,5.
Mok1Bi 3HaYEeHHS KBaJpaTa BiIXHJICHHS:

[x, - M (X)]} = (0-15)% = 2,25;

[x, -M(X)[ =(1-15)* =0,25

[x, ~-M(X)[} =(2-15)* =0,25.

Toni
[X= 2,25 0,25 0,25
M(X)]?
P 0,0625 0,375 0,5625

Jucnepcis piBHA: D(X)=2,25-0,0625+0,25-0,375+0,25-0,5625=0,375.

OpHak, Ha TpakTUli NoAiOHuUI croci®é oOuMCIeHHs TUcnepcii He3pyYHH, Tak K MpH
BEJMKiN KITbKOCTI 3HAaYeHb BUITAJKOBOT BEIMYUHH JI0 TPOMI3AKHX OOUYUCIICHB.

ToMy BUKOPHUCTOBYETHCS 1HIIMM CITOCIO.

9.12. O6uucIeHHs AUCTIePCil.

Teopema. [lucnepcisa pisHa pi3Huyi Midc MAmMeMamuyHuM OYIKYBAHAM Keaopama
8UNaokogoi senuuunu X i KeaOpamom it MamemamuiHo20 OYiKY8aAHHSL:

D(X)=M(X*)-[M(X)[. (8.12)
3acTocyeMo 110 (hopMyITy AJIsl pO3TIISAYBAHOTO BUINE PUKIIALY:
X 0 1 2
X2 0 1 4
P 0,0625 0,375 0,5625
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M (X?)=0-0,0625+1-0,375+4-0,5625= 2,625,
D(X) = 2,625—[15]" =0,375.

9.13. BaacTuBocTi qucnepcii.

1) Jlucmepcis CTaja0i BEIMYMHHA PiBHA HYJIO: D(C)=0.

2) Cranmmii MHOXXHUK MOXXHA BHHOCUTH 3a 3HaK MAWCIEPCii, MITHOCSYU HOTO [0
KBaJ[paTy:
D(CX) =C?D(X).

3) Jucnepcis cymu IBOX HE3aJIC)KHUX BUIAIKOBHUX BEIIMUMH PIBHA CyMl IUCIIEPCIH IUX
BEJIUYHH:
D(X +Y) =D(X)+ D(Y).

4) Tucniepcist pi3HMII JIBOX HE3aJEKHUX BUIIAQJKOBUX BEJIWYHMH piBHA CyMi TUCIIEPCIi

II1UX BCIIMYHWH:
D(X —Y) = D(X) + D(Y).

CripaBeJIMBICTS 11i€1 PIBHOCTI BUTIKA€E 3 BIACTHBOCTI 2.

Teopema. /[ucnepcisa uucna noasu noodii A 6 n HezaneHcHUx sUNPoOY8aub, y KONCHOMY 3
AKUX IMOBIpHICMb p nosaeu nodii cmana, pieHa 000YmMKy uucia unpody8aHvb HA IMOBIPHOCHI
nossu i He NosBU NOOIi 8 6Y0b-AKOMY 8UNPODYEAHHI:

D(X) =npgq. (8.13)
9.14. Cepeane kBapaTU4YHE BiXHJIEHHS.

O3nauennsn. CepeoHim K8AOpAMUYHUM  GIOXUJNEHHAM BHUMAJAKOBOT BEIMYUHH X
HA3MBAETHCS KBAIPATHUI KOPIHb 3 AUCIIEPCii:

o(X)=4/D(X). (8.14)
Teopema. Cepeone keadpamuume GIOXUNEHHS CYMU CKIHYEHHOI KITbKOCMI 83AEMHO

He3aNeNHCHUX 8UNAOKOBUX GENUYUH DIGHE KBAOPAMHOMY KOPEHIO 3 CYMU K8AOpamis cepeoHix
K68AOpaAMU4HUX GIOXUNEHb YUX GETUUUH.

(X + Xy ot X)) =102 (X,) + 02 (X)) +o 4 52(X,).

Mpuknaa | 3apon Bumyckae 96% BupoGiB mepiioro copry Ta 4% BUpPOOIB IPYroro Copry.
HaBmannsa Bubupatotes 1000 Bupo6iB. Hexait X — unciao BUpOOIB HEpIIOro COpPTy y AaHiil
BUOipii. 3HAWTH 3aKOH pPO3MOJLTY, MaTeMaTW4YHE OYIKYBaHHS Ta JUCIIEPCII0 BHIIAKOBOI
BEINYUHU X.

® Bubip xoxHoro 3 1000 BUpoOiB MOXXHA BBa)KaTW He3aJIe)KHUM BHUIPOOYBAaHHAM, Y
SIKOMY IMOBIPHICTb ITOSIBM BHPOOIB TIEPIIOTO COpTy onHaKoBa i piHa p=0,96.
TakuM 4MHOM, 3aKOH PO3MOJILITY MOKE BBaXKAaTUCS O1HOMIHATIBHUM:

m, = pn=1000-0,96 =960;
D, =npgq=1000-0,96-0,04 = 38,4.
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Mpuknaa | 3yaiitu JUCTIEPCII0 TUCKPETHOI BUTIAAKOBOI BEIMYMHU X — YHCIIO TOSIBU TO1T A
y JABOX HE3aJEeKHUX BHUIMPOOYBAHHAX, SKIIO IMOBIPHOCTI MOABM Ili€l MOAIl y KOXHOTO
BUIIPOOYBaHHI piBHi 1 Bizomo, mo M(X)=0,9.
® Tak sIK BUITaJIKOBA BeJIMUMHA X po3MoiijieHa 1o O1HOMIHAJIbBHTMY 3aKOHY, TO
M(X)=np=2p=09, = p=045;
D(X) =npg=2p(1— p)=2-0,45-0,55=0,495.

Mpuknaa | TIpoponaThCcs He3anexkHi BUPOOYBAaHHS 3 OJJHAKOBOKO HMOBIPHICTIO TTOSBH MOJI1
A y KO)XHOMY BHUIIPOOYBaHHI. 3HAWTH IMOBIPHICTh TOSIBH TOMAIl A, SKIIO AHUCIIEPCIS YUCIa
MOSIBU TIOJIiT y TPhOX HE3aJICKHUX BUMIPOOYBaHHSX piBHa 0,63.
® [lo ¢popmymi aucniepcii 6iIHOMiaIbHOTO 3aKOHY OTPHMYEMO:

D(X)=npg=3p(l-p)=0,63;

3p®-3p+0,63=0;

p>—p+0,21=0;

p, =07, p,=03.

MPUKRaA| | TTocorimKyeThes MPUCTPIit, MO CKIAAAETHCSA 3 YOTHPHOX HE3ANEHKHO MPAIIOIOUNX
npuianis. IMOBipHOCTI BiIMOBH KOXKHOTO IpWIiIafiB piBHi Biamosigno p1=0,3; p2=0,4; p3=0,5;
p4=0,6. 3HaliTH MaTeMaTHYHE OYIKYBAHHS 1 IUCIIEPCIFO KIJTbKOCTI MPHIIAIB, 110 BiIMOBHIIH.

® [Ipuiimaroun 3a BHUIIAQJKOBY BEIIMYMHY KUIBKICTH MPHJIA/IB, IIO BiIMOBWIH, 0a4NMO,
110 1151 BUTIAJIKOBA BEJIMYMHA MOJKe IpuiiMatu 3HadeHHs 0, 1, 2, 3 a6o 4.

Jns cknagaHHs 3aKOHY PO3MOJUTY IIi€l BHITAIKOBOI BEIMYUHU HEOOXITHO BHU3HAUUTH
BINOBIHI iMOBipHOCTI. [Ipuitmemo ¢; =1-p; .

1) He BigmoBuB xoxuuit npunaa: p(0)=q,q,9,q, =0,7-0,4-0,5-0,4 =0,084.

2) BimtMOBUB OJIMH 3 IPUIIA/IIB:
p@) = p,0,05d, +; P,d;0, + &, P34, + 0,05 P, =0,302.

3) BiamoBwiu Ba npusiaau:
P(2) = p.P,4s0, + P10, Psls + 10,05 P, + 0, P, P3G, + Gy P3P, + i, Ps P, =0,38.

4) BinMOBWIIM TPU TpUIIAIN:
P(3) = Py P, Psds + P P2Gs Py + P10, P3Py + 1 P, P3P, =0198.

5) BigmoBuiu yci npuniaau:
p(4) = P, P, Ps P, =0,036.

OTpumaeMo 3aKOH PO3MOJLTY:

X 0 1 2 3 4
x? 0 1 4 9 16
p 0,084 0,302 0,38 | 0,198 0,036

MareMaTHuHe O4iKyBaHHS:
M (X)=0,302+2-0,38+3-0,198+4-0,036=18.

M (X ?)=0,302+4-0,38+9-0,198+16-0,036 = 4,18.
Jlucnepcis: D(X)=M(X?)=[M(X)]} =4,18-3,24=094.
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Konrpoabna podora Ne3 (4 cemecTp)

1. 3naiiTu 3arajabHNH PO3B’A30K AM(epeHnialbHUX PIBHAHD.

1 a) (X -1)y+2xy* =0; 6) (xy+x*)y =y,
2. a) XYy =y+3; 6) Xy'+y=x+1.

3. a)<x2+2)y’+2xy2:0; 6)(2xy+ yz)y':yz.

4.  a) <3x+xy2)y’:4; 6) 2xyy' = x> —y*.

5. a) (x2+2)y’:2x—xy2; 6) Xy’ +4y =x".

6. a) y +4=(x’y-4y)y; 6) Xy +2y = X°.

7. a) (4+x2)y’=3x+3y2; 6) X°y' =xy—Vy°.

8. a)(2+x°)y =x+3xy; 6) y —y=¢e.

9. a) (1+x2)y’:x+2xy; 6) xy’y' =x>+y°.

10.  a) (x*+2)y =-2xy*; 6) Xy +y=x+1.

2. 3HalTH 4YacTUHHMH Po3B’A30K AudepeHUiaJIbHOr0 PIiBHIHHS, 10

32/10BOJILHSIE TOYATKOBHM YMOBAM.
1. y"+3y'+2y=8x"+4; y(0)=1, y'(0)=0.
2.y"-3y'+2y=18xe”"; y(0)=-1 y'(0)=1.

3. y'—4y'+4y=8cosx; y(0)=2, y'(0)=-1.

4. y"+4y'+4y=x*+x+2; y(0)=-2, y'(0)=1.

5. y"—2y'+5y=3xe”; y(0)=1 y'(0)=0.

6. y'—2y'+15y =-45x*+7,2; y(0)=2, y'(0)=-2.
7. y"+y —6y=39sin3x; y(0)=3, y'(0)=-1.

8. y'—y —6y=27cos2x; y(0)=1 y'(0)=0.
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9. y"+10y'+25y =-25x" +25; y(0)=4, y'(0)=3.

10. y"+4y'+8y =8x"+16x+6; y(0)=2, y'(0)=0.

3. JdocaiauTu 30ikHicTh YMCJTOBUX PSAiB.

002n n+1 0 n+2 n o _1n+1
MK 03 %) >2(f) |
003n 2 . 1n o _1n+1
2. a) (:T ). 6)2(”% B)Z(é/)H .

J
4 (n-1) 2 n_lj”;

n=1 n! n=1 n n=1 % .
0 5n(n_2) n—2o n o (_1)n+1
4 M
2 92 3nj’ D 2
0 6”(n—3) © (43 n - (_1)n+1
5 0 e :
V2T )Z( an D 2

6 a)nz:l: oy 6)nz:1:K B)nf;(llrfzﬂ-
SEbE N S
T e
9 aglo”(:l—@. 6)21:”4:15” B@(_yl)ﬁnﬂ.
I C S o

4. Po3BuHyTHM (QYyHKLiI0O Y= f(X) B psaax MakiopeHna i 3HaiiTu paaiyc

30i’KHOCTI 0/IEP:KAHOTO PSIAY.
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3. f(x)=e
5. f(x)=sin=
7. f(x)=cos—

X

2. f(x)=e?

4. f(x)=sin2x.

6. f(x)=cos3x.
8. f(x)=v1-x".

10. f(x)=

1

N

5. 3naiiT 00JacTh 30i2kHOCTI PYHKUIOHAJBLHOTO PAIY.

L 3 h+l
= Nn+2

. n+1

3. ) —X

~n+3

2 n+3

5. ) ——X

= n+4

2 n+3

7. ) ——X

= N+5

2 n+5

9. > ——X

~n+6

6. Po3B’s13aTH 3aaaui.

1. € 5 BuniB KOHBEPTIB 0€3 MApoK 1 4 BUJIM MAPOK OJHAKOBOI BapTOCTI.
Ckinmbkoma crioco0amMu MOkHa BUOpATH KOHBEPT 13 MAPKOIO ISl TOCHIIKK JIUCTa?

2. I'panbHa KicTka KuHyTa 3 pasu. Slka WMOBIPHICTH TOTO, IIO MPHU IBOMY
BCI I'paHi, [0 BUMAJIH, Pi3HI?

3. OmMH TOBENUTENb, SKOMY HAOpuJ #Woro actpoHoMm (Oarato KasaB
HEenpaBAM), BUPIIUB Horo crpatuTi. OnHaK, Oyaydu JoOpUM MOBEIMUTENEM, BiH
BUPIILMB JaTH aCTPOHOMY OCTaHHiH mamc. oMy HOTpiGHO GYI0 PO3HOIIIHTH HO
2 siukaM 4 KyJiabKd: 2 4opHi 1 2 61i. [lanay Bubepe HaBMaHHS OJIMH 3 SIIIMKIB 1 3
Hel Bi3bME€ OJIHY KyJbKy. SIKIIO KyJibka OyJie YOpHa, TO acTpOHOMA CTpAaTATH,

Xn

n

n

n

n

2. anXn
= n+1
“N+2

4, Y ——X"
~n+3
“N+2

6. y ——X"
= n+4
> n+4

8 ) ——x"
= n+5

10, S +4
~n+6
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AKIIO K Olla — 3aJuIIUTbCS JKUTH. SIKUM YMHOM acTPOHOMY IMOTPIOHO
PO3MICTUTH KYJIBKU B SIIIIUKAX, 11100 3a0e31meuynT co01 MaKCUMaJIbHY 1IMOBIPHICTh
3aITUIIATUACS KUBUM?

4., CKIJTbKH 1CHYE PI3HUX aBTOMOOUIBHUX HOMEPIB, SIK1 CKJIAJIAI0THCA 3 I1'ATH
udp, AKIIOo nepira nudpa He JOPIBHIOE HYITIO.

5. ImoBipHicTh Bumyctutu «(paxiBus» — 0,95. Ckinbku Mae OyTu

BUITYCKHUKIB, II00 HaliMOBIpHIiIIIa KUTbKICTh «He(axiBIiB» Oyma 157

6. IMOBIpHICT, BUTpally IO OJHOMY OuleTy JioTepei piBHA % Axa

IMOBIPHICTh TOTO, 110, MPUAOABIIN 5 OUIETIB, MOXKHA BUTPATH IO YCIM IT’ATH
oineram.?

7.3 mudp 1, 2, 3, 4, 5 BuOupaeTscs OAHA, a 3 TUX, IO 3ATANIUIUCH —
napyra. 3HaUTH IMOBIPHICTH TOTO, IO Oyae BHUOpaHa HemapHa mudpa apyroro
pasy.

8. Kypcant 3a0yB ocranHio mudpy Homepa TenedoHy OaThKiB 1 TOMY
HaOupae ii HaBMaHHS. 3HANUTH IMOBIPHICTH TOTO, 110 HOMY MPHUIAECTHCS 3pOOUTH
PIBHO 2 HEBJAJI CIIPOOH.

9. B ciM’1 5 piTeit. 3HalTH IMOBIPHICTH TOTO, IO Cepell NITEH 4 XJIOMYMKH,
SKIIO IMOBIPHOCTI HApOHPKEHHSI XJIOMYHKKa 1 1IBYMHKH 110 0,5.

10. Kypcant namucaB mmapraiaka Ha 20 OinetiB 3 25. SIka iMOBIpHICTH
TOTO, IO 3 TPbOX OLIETIB, Kl 3AJIMIIMWINCH HA CTOJI, Y HbOIO € IIMaprajiKu
MpUHaMHI Ha 27

7. 3HaliTH MaTeMaTH4YHe OYIKYBaHHS, AMCIIEPCII0 Ta CepeIHE KBAJApPaTH4YHE
BIAXMJICHHSI BUNIAIKOBOI BeJINYHUHM.

1.

X -3 —2 -1 0 2 4
Di 0,2 0,1 0,1 0,1 0,2 0,3
2.

X —2 -1 0 1 3 4
Di 0,2 0,2 0,2 0,1 0,1 0,2
3.

X —2 -1 0 1 2 3
Di 0,1 0,2 0,3 0,1 0,2 0,1
4.

X 1 3 4 3) 7 9
Di 0,1 0,2 0,1 0,1 0,3 0,2
5.

X 0 2 3 5 6 8
Di 0,3 0,1 0,1 0,1 0,2 0,2




X 3 4 5 6 8 10
Di 0,1 0,1 0,1 0,4 0,2 0,1
7.

X -1 0 1 4 7 8
Di 0,2 0,2 0,3 0,1 0,1 0,1
8.

X 1 2 3 4 3) 6
Di 0,1 0,2 0,1 0,2 0,2 0,2
9.

X —2 -1 0 1 3 3)
Di 0,1 0,3 0,1 0,2 0,1 0,2
10.

X -1 0 2 3 3) 6
Di 0,2 0,3 0,2 0,1 0,1 0,1
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